We investigate electronic band structure and transport properties in bilayer graphene superlattices of Thue-Morse sequence. It is interesting to find that the zero-k gap center is sensitive to interlayer coupling t ′ , and the centers of all gaps shift versus t ′ at a linear way. Extra Dirac points may emerge at ky =0, and when the extra Dirac points are generated in pairs, the electronic conductance obeys a diffusive law, and the Fano factor tends to be 1/3 as the order of Thue-Morse sequence increases. Our results provide a flexible and effective way to control the transport properties in graphene.
Graphene, a potential material with applications that continue to rise [1] [2] [3] [4] [5] [6] [7] . The monolayer graphene is a semi-metal or zero-gap semiconductor, and the bilayer graphene provides the first semiconductor with a gap that can be tuned externally [8] . In graphene, the low-energy charge carries behave as massless Dirac fermions near Dirac point (DP), and the resulting linear energy dispersion relation leads to many interesting electronic and optical properties. Recently, motivated by the experimental realization of graphene superlattices (GSLs) [9, 10] , enormous theoretical investigations have been done on the GSLs with periodic, qusi-periodic and aperiodic electrostatic potentials or magnetic barriers [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . It is well known that superlattices are vastly used to control the electronic band structure of many conventional semiconducting materials and they have had huge impact on semiconductor physics [21, 22] . In monolayer graphene supperlattice, it has been found that an unusual DP appears in the band structure, and it is exactly located at the energy which corresponds to the zero-k gap [14, 15] . The location of the zero-k gap near DP is not only independent on lattice constant but also insensitive to incident angles in contrary with other Bragg gaps, which results in the robust transport properties [12] [13] [14] [15] .
In this letter, we investigate the electronic band gaps and transport properties in bilayer graphene superlattices (BLG SLs) of Thue-Morse (TM) sequence [23] . As a typical aperiodic sequence, the TM lattice has been investigated extensively [24] [25] [26] [27] [28] . It is a deterministically aperiodic structure and has a degree of order intermediate between quasi-periodic and disordered system [24] . Contrary to the result of structure factor, the electron behaviors of TM sequence show that it is more similar to a periodic system [24] . It is known to have a continuous Fourier transform [25] and there is relationship between geometrical characters and their physical properties [26] . In the BLG SLs of TM sequence, it is very important to see that the zero-k gap can be tunable by the interlayer coupling t ′ . The zero-k gap happens in the BLG SLs of TM sequence, resulting in the robust transmission properties different from monolayer GSLs. Moreover, Extra DPs arise and they are dependent on lattice constant.
We consider the electronic structure of BLG with energy and wave vector close to the K point, so the oneparticle Hamiltonian for BLG is
Here, V (x) is the electrostatic potential which only depends on the coordinate x, t ′ is the interlayer coupling, υ F ≈ 10 6 m/s is the Fermi velocity, π and π † are the momentum operators [6] , and
The wave function is expressed by a four-component pseudospinors Φ = ( ϕ 1 , ϕ 2 , ϕ 3 , ϕ 4 )
T . Due to the translation invariance in the y direction, the wave function can be rewritten as ϕ m = ϕ m e ikyy , m=1,2,3,4. By solving the eigenequation, the wave functions at any two positions x to x + ∆x inside the jth potentials can be related by a transfer matrix
and
where
. For an n-th TM sequence, S(1) = AB, S(2) = ABBA and naturally S(3) = ABBABAAB, and so on. Here, A(B) is considered as alternating barrier V A (V B ) with its width w A (w B ). After a long but straight algebraic deduction, we arrive at the transmission coefficient t=t(E, k y ), which can be expressed as x i,j (i, j = 1, 2) is the element of total transfer matrix
where N is the total number of layers of GSL. Because the transfer matrix X[S(n)] and M j are both unimodular, it is convenient to derive the recursion relations of the trace map of the n-th BLG SLs TM sequence as
We plot the trace maps for BLG SLs of TM sequence with the order n at k y =0.015 nm −1 in Figs. 1(a-c) and the corresponding band structures are plotted in Figs.  1(d-f) , respectively. Figs. 1(a-c) show that a gap opens exactly at E=55 meV. The upper and lower bands do not touch together to form a DP at k y =0 but extra DPs may appear at k y = 0 [20] , see Figs. 1(e) and 1(f), whose positions are dependent on lattice constant, and we will discuss these in details latter. Since the center of this gap is located at zero-k, we may call it zero-k gap. One can find that the location of zero-k gap center does not shift with lattice constant while other gaps are highly dependent on lattice constant. As illustrated in Fig. 2 , the po- 
sition of the zero-k gap changes with the ratio of w A /w B . It changes from E=80 meV, E=95 meV to E=105 meV with the ratio w A /w B from 1, 3/2 to 2. The zero-k gap center could be obtained from k =
is easy to find the energy for k=0 as the number of berries and wells is the same. When w A = w B ,
, (6) which is different from the result in the monolayer GSLs [15, 29] , due to the existence of t ′ . If w A = w B , Eq. (6) is simplified as
In Figs. 1(b) and 1(c), we can also see that there is no usual DP at k y =0 but extra DPs emerge, whose locations are determined by the trace x 2 =1 [29] , expending as
At the normal incident angles (k y =0), when 2q A w A =−2q B w B =mπ, where m is an integer, Eq. (8) always have real solutions, which means the close of zero-k gap. For w A =w B =w, the zero-k gap shall close at
At oblique incidence (k y =0), when 2q A w A =−2q B w B =mπ, the extra DPs appear, which locate at When w A =w B =w, Eq. (11) can be simplified as
The number of extra DPs can be obtained from Eq. (12) .
To learn more about the band structures, we study the effect of incident angles θ on electronic transmission spectrum. From Fig. 3 , it is obvious that the position of zero-k gap is weakly dependent on incident angle θ while other gaps change with θ. Moreover, one can also find that the transmission coefficient decreases as θ increases, which means that the gaps open much wider. Fig. 4(a) shows that the central position of zero-k gap is independent on lattice constant w while the other gaps shift greatly. As a result of Eq. (9), the zero-k gap is gradually closed and open oscillationally with the increasing w at a period of about 13.82 nm for the used parameters. Eq. (9) also indicates that the valence and conduction bands shall touch together periodically, while such touching does not lead to a DP [13, 30] , which will be verified further in Fig. 4 (c) and 4(d). It is clear that when the gap is closed, the bands touch together but they are not conical near k y =0, while the extra Dirac points may appear at k y =0, see Fig. 4(d) . The interlayer coupling t ′ is crucial in bilayer graphene and Fig. 4(b) shows its effect on electronic band structure. The dotted blue line denotes the zero-k gap center. One can find that all gaps become much wider as t ′ increases, especially the zero-k gap. When t ′ =0, there is no gap, while for t ′ =0, the zero-k gap opens. The center of all the gaps shift versus t ′ at a linear way and the slopes are the same, which means that the band structure will shift as a whole. Except for the transmission spectrum, other remarkable transport properties, conductance G and Fano factor F [15, 30, 31, 33] , are demonstrated in Fig. 5 . Fig. 5(a) shows that G takes its minimum with the Fermi energy in the vicinity of 80meV, but it takes nonzero minimum value at E=80meV when the zero-k gap closes. However, G becomes zero with the Fermi energy in the vicinity of 80meV when the gap is open. We should notice that E=80 meV is the zero-k gap center. From Fig. 5(b) , we can see that the Fano factor becomes much smaller around 80 meV when the zero-k gap is closed while it takes its maximum at E=80 meV when the gap exists. The valence and conduction bands touch together when the zero-k gap is closed (In Figs. 4(c) and 4(d)), but it is not a DP since F =1/3 [13, 30] . One can also note that F takes the value of Poission process shown by the dashed red line in Fig. 5(b) , which can be understood by the transmission suppression caused by the energy gap [32] . If energy is fixed at the zero-k gap(E=80 meV here), G and Fano factor are plotted vs the changes of lattice constant w in Fig. 5(c) and Fig. 5(d) , respectively. One can find that when there are only extra Dirac points with much larger sequence n, G is proportional to To demonstrate the location of the extra DPs, we plot transmission versus the incident angles of carriers in Fig.  6 where the energy is fixed at 80 meV. One can find that the transmission is perfect at some certain angles, which means extra DPs appear in the band structure when w A = w B > 13.8163 nm [29] . Extra DPs appear in pairs, and there are more and more pairs of extra DPs as the lattice constant increases, which can be expected from Eq. (12). What's more, it is easy to get the location and number of extra DPs experimentally.
In summary, we have studied the electronic transport properties in the BLG TM sequence. The zero-k gap center is robust against the lattice constant but sensitive to interlayer coupling t ′ . When the extra Dirac points are generated in pairs in such structures, the electronic conductance obeys the diffusive law, ∝ 1 w−wm , and the Fano factor tends to 1/3, as the order of TM sequence increases. These results provide a flexible and effective way to control the transport property in graphene, which is substantial for a lot of graphene-based electronic devices. 
